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Online Appendices

S1 Proofs

We first prove a lemma that is useful in proving the results throughout the paper.

Lemma A.1. When either V or R is observed as a signal S, given any effort level x and y, a
positive signal always leads to a higher posterior belief of the service provider being a high type than

a negative signal, i.e., aq (z,y) > oo (x,y), Y,y € [0,1].

Proof. Recall that the posterior belief can be derived according to Bayes’ rule as

Y Pr(S=1H,z,y) + Pr(S =1L, z,y) 1+ PramRes
o= »T,Y

0o (2,y) = Pr(S=0|H,z,y) _ 1
Oy = P (S =0[H,7,9) +Pr(S=0|L,2,y) 1+ Pr(S=0L 0]
(o= >y

Pr(S=1|L,z,y) 1-Pr(S=1|L,z,y)

Note that as long as Pr (S = 1|L, z,y) < Pr (S = 1|H, z,y), we have Prs=iHay) < T-Pr(5=i|Hoy) —

Pr(S=0|L,z,y)
Pr(S=0|H,z,y)’

holds whether signal S'is V or R for Vz,y € [0, 1] throughout the paper (in both the baseline model

which is equivalent to o (z,y) > ag (z,y). Clearly, Pr(S =1|L,z,y) < Pr (S =1|H,x,y)

and the extended model). O

Proof of Proposition 1:

Proof. According to Equation (9), the first order derivative with respect to y is a constant. Because
AoV (xv, yv) > 0 (by Lemma A.1), the service provider sets the optimal effort level of the client
as y¥ = 1. Consequently, the optimal effort level of the provider " is the solution to the first order

condition (by Equation (8)) 1%“Aozv (zV,1) = 2cz". Denote

K (z) = #Aav (z,1) = 2[3—u1—_(¥+u) . (A1)



after substituting o} and o} into the expression of Aa" (x,1), and denote C (x) = 2cx. Hence,
an interior solution x" arises when K (x) and C (z) intersect within (0,1). Notice that K ()
is continuous and increasing in = for z € [0,1], and K (0) = ﬁ > 0 = C(0). Therefore,

when K (1) < C(1), that is, ¢ > %, K (z) intersects C (z) within (0,1). Furthermore, such an

intersection is unique because when ¢ > &, K (z) = C () yields a unique solution within (0, 1), that

vV _ cB=pw)—V 02(3—u§2—0(1—u2)

2¢(1+p

is, . It can be easily verified that the expression within the square

1—p? 1—p?
3—u) 3—

1
n)? <s U

> and

root is positive, because ¢ (3 — p)* — ¢ (1 —p?) > 0 if and only if ¢ >

( (

Proof of Corollary 1:
V _ B=w—VB=p)?-(1-p?)/c

S0) . It is thus easy to see that 2" decreases in ¢. To show

Proof. Rewrite x

xV decreases in i, take the first order derivative of 2V with respect to u such that

oxV 120—1—u(1+4c)—4\/02(3—,u)2—c(1—u2)

2Rt — )

op

dzV

If the first part of the numerator is negative (i.e., 12c = 1 — p (1 +4c) < 0), then %~ < 0 holds

immediately. If 12¢ — 1 — pu (1 4+ 4¢) > 0, then 12¢ — 1 — p (1 + 4¢) — 4\/02 B-—p)i—c(l—p?) <
0 if and only if [12¢ —1 — (1 +4¢)]* — 16 [02 (3—p)?—c (1- ;ﬂ)} < 0, which holds because
[12¢ — 1 — pu (14 4c)]* — 16 62(3—,u)2—c(1—,u2)} = — (8¢ —1) (14 p)* < 0 when ¢ > 1. O

In order to prove Proposition 2, we first prove a useful lemma. Define

M (@:9) = iy [of () —off ()]

where
R _ (mty)+2w(1-y?)
o (#Y) = ety (=)
R . 2(1+w)—(ac+y)—2w(1—y2)
" (#9) = Trw () e rn) - w07

Lemma A.2. (1) M(z;y) is increasing in x for Vx,y € [0, 1]; and (2) 38—;2M (x;y) is increasing in

x forVz,y € [0,1].



Proof. (1) To show a%M (x;y) = 4((111‘3) [a%a{% (z,y) — 6%0‘(1)% (z,y)] > 0, note that:

2w (1—p) (1 - y?)

TR RN

0
%Oé{% (:Cz y) =

—2(1 = p) (14 wy?)
[4— (14 p) (z+y) + 4wy?)?

9 R _
%0‘0 (xay) -

for Vz,y € [0,1] and p € (0,1). Therefore, M(z;y) is increasing in .

2 2 2
(2) Note that %M (z;y) = 4((11:‘:3) [%afb (z,y) — %a{f (x,y)], and

O Ry = =) (=)
022 T T (1= )+ (L ) (m+ )P

izaR(x ) = —4(1—u2)(1+wy2)
0220 T (1 ) (a4 ) + Ay

2 . L . o
0% aff (x,y) is positive and increasing in z. In

It is easy to see that the denominator of the above 3

addition, its numerator is negative and independent of x. It follows that 88—;204{% (x,y) is increasing

in z. Similarly, the numerator of the above %aﬁ (z,y) is negative and independent of z. To check

the sign of the denominator of 8%22&(])% (7,y), note that 4 — (1 + u) (z + y) +4wy? > 4—2 (1 + u) > 0,

because x +y < 2 and p < 1. Therefore, the denominator of aa—;aé% (x,y) is positive and decreasing

in z. Consequently, 88—;&0}2 (z,y) is decreasing in z. It follows that %M (z), being proportional to
8672204{% — 88722(1(])%, is increasing in x. 0

Proof of Proposition 2:

o (:(:R+yR)+2w (1—(yR)2)
2(1+w)

Proof. First, note that (10) simplifies to Pr{R = 1]0, 2y} = , where

0 e {H,L}, py =1 and pyp = p. Then, we have :

(eR+y™)+2u[1-(47)°]
1+p) (2B 4y R)+w[1-(yR)?] A9
A(14w)—(1+p) (@B+yR)—dw[1-(y7)?]

oft =Pr{6=H|R=1,2"yf} = (

oft =Pr{6=H|R =02y} =

Similar to section 4.1, (5) can be simplified to the following:

R R R, 1(.R Ry (1+p) (z+y) +Hw(1—y?) 2
X = ar max oy + 5 (o' — « — CT
( Y ) gOSx,ySl 0 2 ( 1 0) 2(1+w) ’



where aff and off are given in (A.2). Take the first derivative of the above objective function (which

we denote as E7) with respect to x and y, respectively, we get:

OF _ 1+ R R , R
el 4(1+Z)A0‘ (=, y") — 2ca
opx _ DaR(zByR)

Byﬂ- - 4(1+w) (1 +u— 8wy)

From Lemma A.1, we know Aaf (JIR, yR) > ( for any equilibrium effort levels. Hence, 88% =0

implies the equilibrium effort level for the client is:

—1;'“ if w > —1"8'“

» >

yt = (A.3)
1 otherwise

Denote M(x) = M (x;yR) = 4(111’;)&(1}% (:v,yR). Consequently, the optimal effort level for the

R is the fixed-point solution to the first order condition M () — 2cx = 0, whenever such

provider, x
an interior solution exists within [0,1]. Next, we will show that there exists a unique solution to
the above first order condition when ¢ > LM (1).

Denote C(z) = 2cx. Then C(0) = 0 and C(x) is increasing in z. It is easy to verify that
M(0) > 0 = C(0). From part (1) of Lemma (A.2), we know M (z) is also increasing in x. Then,
whether M (x) intersects C'(z) and how many times they intersect depend on the concavity (and
convexity) of M (x) and the value of M(1). The concavity of M (x) depends on the sign of second
order derivative of M (x) with respect to z. Note that there are two mutually exhaustive and
exclusive cases for the value of aa—;M (@) |a=0: (1) g—;M () |2=0 < 0 and (2) aa—;M (@) |g=0 > 0.

In case (1), because part (2) of Lemma (A.2) states that %M (x) is increasing in z, then if

82

52 M () [z=0 < 0, we know that %M(a:) either changes sign once or never for z € [0,1]. In

the case when it changes sign at & € (0,1), we must have M(z) is concave in x for x < & (due
to negative second order derivative in this range) and convex in x for x > & (due to positive
second order derivative). In the case when it never changes sign, we know M (z) is concave in x for
x € [0,1]. In case (2), because part (2) of Lemma (A.2) states that g—;M(w) is increasing in z,
then if %M () |g=0 > 0, we know that %M (x) can never change sign. Thus, M (z) is convex in
x due to the positive second order derivative. To summarize, M (x) is either concave or convex for

all z € [0,1] or it is concave for z < & and convex for z > &.



Knowing the concavity (and convexity) of M (x) and M (0) > 0, it follows that if C(1) = 2¢ >
M (1), then M (x) intersects C(z) ezactly once in the range of = € [0, 1]. In addition, the intersection

point is the fixed point solution to M (z) = 2cz, i.e., zf, O

Proof of Corollary 2:

Proof. From (A.3), it is straightforward to see that for w > HT“, y® is decreasing in w and inde-

pendent of ¢. For ¢ > 1M(1), since 2t is the unique solution to M(z) = 2cz (Proposition 2), we
know xft is decreasing in ¢ because M (z) is independent of ¢ and 2cx is decreasing in c. Similarly,

R must be decreasing in w. Next, we will prove that

if we can show M () is decreasing in w, then x
M (z) is decreasing in w in the following two cases: (1) when w > HT“ and (2) when w < HT“.

Case (1): When w > HT”, we must have y = ?—w”. Substitute this y into (A.2), we get:

ol (g B = 1) — 64w +3+1(2—p)+32wax

1\ MY = Bw ) T 264w+ (1+p) 2+ (1+u)16wa]
ol (z.yB = I4p) _ _64w—(3—p)(1+p)—32wz

0o \%Y Sw 2[64w—(1+42)2—16w(1+p)z]

It is straightforward to verify that ol decreases in w and off increases in w by taking the first

derivative of them with respect to w:

daff _ —8(1—p) [16w(L+ p) + (1 + p)°x + Gdw?a]

ow (14 )2 + 16wzR(1 + p) + 64w?]?

Ooff _ 8(1—p) [(1+p) (8 — (1 + p))]

5 > 0.
ow (14 p)2 + 16w(1 + p)xR — 64w]

Therefore, M (:17; Yyl = 1%‘) = [afi — ag“] ﬁ is decreasing in w.

Case (2): When w < HT”, we must have y = 1. Substitute this ¢y into (A.2), we get:

1+pu _ 1—pn (A4)

M (29" =1) = [of' - af] A0 +w)  8(1+w)—2(1+p)(1+2)’

which is decreasing in w. To summarize, M (a:; yR) is decreasing in w for any w > 0.

To see how z® and yf change in p, first, it is obvious that y® = min{%,l} is weakly

increasing in p. When w < lg“ so that y* = 1, take the first derivative of (A.4) with respect to z,

9 R _
8—ﬂM(:z:,y —1)—

—(1—2z)—2w
B+ 4w —x — p — px)?

< 0.

5



Therefore, M (:c;yR = 1) is decreasing in p, so x is decreasing in p. When w > HT“ so that

yft = ?—w“, 2 may change in p non-monotonically, as Figure 5 illustrates. O

u

Figure 5: xf' Changes in p (w = 0.25, ¢ = 0.15)

Proof of Proposition 3:

Proof. y < 1 = 4" comes directly from comparing y® = min {%U”, 1} to y¥ = 1. Clearly, the

inequality is strict for any w > %.
In what follows, we first prove that %M(l) < %, so as long as ¢ > %, x is the unique solution
to M(z) = 2cx. From the proof of Corollary 2, we know that M(z) is decreasing in w, i.e.,

M (1]w>0) < M (1]w=0). When w = 0, we have y*|,—¢ = 1. Recall, when y® =1, M(z) simplifies

to (A.4). Tt follows that
1—p
2B—p—(1+p)al

M (z|w=0) =

from which we get M (1|,—0) = i. Therefore, we have %M(l) < % and the inequality is strict for
any w > 0.

Next, we will show that when w = 0, 2® = V. To see this, note that the above M (x|,—g) is
the same as K (z) defined in (A.1). From the proof of Proposition 1, we know that " is the unique

V' is also the unique solution to M (z|w—o) = 2cz,

solution to K (z) = 2cz when ¢ > 1. Therefore, z
i.e., when w = 0, 2f* = 2. Finally, combing this 2%|,—o = 2" with the fact that 2% is decreasing

in w (Corollary 2), we know that zf* < 2V and the inequality is strict for any w > 0. O



Proof of Proposition 4:

S S
Proof. Note that EV = W, where S = V or R. The rest follows directly from applying
the results in Proposition 3 (i.e., 2 < 2V and y < ¢"). O

Proof of Proposition 5:
Proof. Because y¢ = min{lg—“,l} cyl = min{?—w",l} and ¥ = 1, we have yf* = 3¢ < 4" and

the inequality is strict for w > H“ O

In order to prove Proposition 6, we first prove a useful lemma. Define

M (i) = e (68 o)~ af )]

where
)_ UH($+y)+20Hw(1 2)
TY) = Grrom@ry)t2(on ton)w(i—y2)
~R . 2(1+w)7oH(x+y)720Hw(1fy )
%" (#:Y) = 5w (on +oLn @i —2ulon o) 17

af (

Lemma A.3. (1) M (z;y) is increasing in x for Va,y € [0,1]; and (2) 2 8 9 M (z;y) is increasing in
x forVx,y € [0,1].

Proof. (1) To show 8@]\2/( y) = ZutoLp [8%&{% (x,y) — 8%&55 (z,y)] > 0, note that

4(1+w)
ng( y) = 2wogor (1 — p) (1 — yz)
dr 7 2w —vy?) (og +or)+ (og + por) (z+ y)]2
9 ~r (z.5) = —2[(14w) (og — por) —2w (1 —y?) (1 — p) ooy
0 T A1+ w) — 2w (op +0r) (1 —2) — (o + por) (z + )]

Clearly, 2 Sadt (z]y) > 0 because o, 01, € (0,1] and p € (0,1). Denote the numerator of the above

axaé% (x,y) as —2 - Np. 896040 (z|y) < 0 because Ny is positive. To show Ny > 0, rewrite Ny as the



following:

No = (1+w) O'H< cr) (17/,6)0'1{0'[/
> 14+w)og(l—p)— 1—y)(1— W) OHOL

= og(1—pu) [1+(1—0'L)w+0'Lwy2]

where the first inequality is from substituting g—fl < 1 and the last inequality is from op, o7, € (0,1]

and p € (0,1).

(2) Note that 25 M (x;y) = ZEoLs [3052071 (z,y) — 8dg:2 ag (z,y)|, and

Ox? 4(1+w)

ﬁdR(x y) = —4w (1 - y?) (1 — p)onor (on +orp)

01 T 2w (o + 0p) (1= 42) + (on + o) (x + 1)
372&3 (5.y) = ~4(og +orp) [(A+w) (og —opp) —w (1 —y?) (1 — p) ooy
ox2 0\ [4(14+w)—2w(oyg+or)(1—y?) — (og +orp) (z+ y)]3

It is easy to see that the denominator of the above 6872264{?‘ (x,y) is positive and increasing in z. In

addition, its numerator is negative and independent of z. It follows that 88—;264{3 (x,y) is increasing in

x. Notice that the numerator of the above aa—;&é% (x,y) can be written as —4 (o + oru) NO, where
NO is the same as that defined in part(1) of the proof. Because NO is shown to be positive, the
numerator of 88722&0}2 (z,y) is negative and independent of z. To check the sign of its denominator,
we re-write the terms inside the bracket of the denominator of aa—;gdoR (z,y) as
4—(og +opp)(x+y)+4w—2w(oy +or) +2w(og +or)y?
> 4—(opg+orp)(z+y)

> 0,

where the first inequality is from o +o0p < 2 and the last inequality is from og+oppu < 2 and x+y <
2. Consequently, the denominator of 68—;2&5 (x,y) is positive and decreasing in z. It follows that

6‘9—;&6% (z,y) is decreasing in x. Thus, aa—;M (z), being proportional to 59—;&{{ (x,y) — aa—;doR (z,y),

is increasing in z. O



Proof of Proposition 6:

Proof. Substituting (15) into (10), we get:

o (38 +57)+2w (1 (57)*)
2(14w) ’

Pr(R = 110,%,§%) = oy

where § € {H,L}, ug = 1 and py = p. Clearly, Pr(R = 0]0, 2%, 5) = 1 — Pr(R = 0|0, %, §%).

Thus, we get the following aft and af:

n on(E i) +20m0(1-(77)°)
N7 ontormGER+iR) r2(ontor)w(i-G"7) (A.5)
SR 2(1+w)—0H(iR-H}R)—QUHw(l_(gR)Q)

-

A(14w)—(or+oLp) (FR+5R)—2w(on+or) (1-GF)?)

Then, the equilibrium effort levels are the solutions to the following problem:

(27, 57) = arg max a1t {f‘THw B +y) +wl—y)] + 25 [ +y) + w(l —y?)] }
R
0

Take the first derivative of the objective function (which we denote as E7) with respect to z and

y, we have:
0Bx _  (oH+oLp) A =R (#R =R
e = 0471-&5# YANG (x , )—2693
. ~ A~R ~R’~R 9
o~ AU Gt o) — dwy (on + o1

where A&l (i’R, g}R) =af —afl. Since Aa@® > 0 (because of Lemma A.1), then 88% = 0 implies:

_omptopp oHtILp
QR — dw(og+or) i w > Alon+tor) X (AG)

1 otherwise
Denote M(z) = M (z;9%) = %Aéﬁ (z,9"). Consequently, the optimal effort level for the
provider, #%, is the fixed-point solution to the first order condition M (x) — 2cx = 0, whenever such
an interior solution exists within [0, 1].
The rest of the proof is similar to the proof for Proposition 2. Based on Lemma A.3, we can

verify that M (z) is either concave or convex for all 2 € [0, 1] or there exists & € (0,1) such that it



is concave for x < & and convex for x > 2. In addition, we know

M(O) (or+orp)2w(l—y*)(on—or)+(cn—orn)y]

22w(ocg+or)(1—y?)+(ogtoLw)yl[d—(cg+orLu)y+dw—2w(og+or)+2w(og+or)y?] >0

It follows that if C'(1) = 2¢ > M (1), then M (x) intersects C(z) ezactly once in the range of

z € [0,1]. In addition, the intersection point is the fixed point solution to M (z) = 2cz, i.e., 7.

Also note that if C(1) = 2¢ < M (1) , then M () either intersects C(x) twice in the range of

x € [0,1] or is greater than C(z) for all z € [0,1]. However, in either case, Z% = 1 is one of the
equilibria because aa% is positive at the corner solution #% = 1. O

In order to prove Proposition 7, we first prove the following two useful lemmas. They are about
the monotonicity of M () under the two special cases examined in Proposition 7: (i) uninformative
private signal such that oy = o = o; (ii) informative symmetric private signal such that oy = =
and o, =1 -~ (y € [3,1]).

Lemma A.4. When oy = o =0 € (0,1], M(x) is decreasing in w and increasing in o.

Proof. With o = o, = o, §% in Proposition 6 simplifies to:

14+p - 1+p
R o fw> =
y =

1 otherwise

Substituting in o = 07, = ¢ and §, we want to show M (x; g]R) is decreasing in w and increasing
in 0. Because ¢ also depends on w, we examine M (x; ij) in two cases: (1) when w > HT“, and
(2) when w < HT”.

Case (1),when w > HT“, we have §f* = lgL—w". Substitute it into (A.5), we have:

Akt xNR_l—i—,u 64w 434 pu(2 — p) + 2wz
LAY T 8w ) T 2764w + (1 + p)2 + (1 + p)16wa]

p 14+p\ 64wl +w)—o [(3— p)(1+ p)+ 64w® + 32wz]
0 (” ~ 8w >_ 2 {64w(l + w) — o [(1+ )2 + 64w? + 16w(l + p)z]}”

10



It is easy to verify that the above &f decreases in w and the above dOR increases in w by checking

their first derivative with respect to w, respectively:

oaft _ —8(1—p) [16w(l + p) + (1 + p)*x + 64w’s]
ow (14 p)? + 16wz (1l + p) + 64w?)?

dalt  8o(1—p) [(1+p) (8—0c(1+ pz)+ 16w (1 — o) (1+ p) + 64w* (1 — o) z]

- 0
Ow [(14+ p)20 + 16wo(l + p)z — 64w — 64w? (1 — 0)]? ”
Therefore, M <$§ gt = 18%” = [aff — & Z((llig; decreases in w for w > HT“.

Case (2), when w < HT“, we have §f* = 1. Substitute it into (A.5), we get

M(:z:;ijzl): o(l—p)

8(1+w) —20(1+u)(1+x)’

(A7)

which is decreasing in w for 0 < w < HT“. To summarize both cases, M (z) is decreasing in w for
all w > 0.

Next, we will prove M (z;§%) is increasing in o for all o € (0,1]. Note that 7 is independent of
o and always positive. Therefore, in this proof, we can treat § as a constant. With oy = o1, = 0,

(A.5) simplifies to
(z +y) + 2w(l —?)
1+ p)(z +y) + 4wl —y?)

afl (z,y) =

2(14+w) —o(x+y) — 20w(l —y?)
41 +w) —o(1 4+ p)(z +y) — dow(l — y2)’

afl (z,y) =

It is easy to see that & is independent of 0. We can verify that & is decreasing in o by checking

its first derivative with respect to o:

0 21 +w)(1—p)(x+y)

7~R s = <0
500 (#:) [4—0 (14 p) (z+y) + 4w (1 - 0) + dwoy?)?

for € (0,1) and 2 +y > 0. It follows that M (z;y) = [aft(z,y) — aff(z,y)] Z((lligg is increasing in

o for Vz,y € [0,1]. O

Lemma A.5. When og = and o, =1 — vy, where v € [%, 1], M(x) 18 tncreasing in .

11



Proof. Substituting o = v and o7, = 1 — «y into (A.6), we get

u+(i—u)7 ifw > IH‘74—IW
~ w -
gt = . (A.8)

- Ay =y
1 if w < R

Because § depends on v, we need to show that M (z;§% (7),7) is increasing in . By the chain

rule,
d - J - 0 -~ d
— M (z; 5" = —M (; _gr + =M (; _gr T (7). A9
™ (297 (7)) > (59, 7) lyegr + 9 (z59,7) |y—gr &7 () (A9)
It is easy to show that %QR (7) > 0 according to (A.8). Next, we will show that %M (T59,7) ly=gr >

0. Because M (z;y,7) = [aft (z,y) — aff (z,y)] W, we start by examining the partial deriva-

tive of dfi and 645‘ with respect to y evaluated at y = §%. It is easy to confirm that when o = v

and o7, =1 —~, (A.5) simplify to:

v (z+y) + 2yw(l — y?)

ay ( - —
(v +p =) (@ +y) +2w(l —y?)

r,y) =

2(1+w) =y (= +y) — 2yw(l —y*)
44201 +y%) — (y+p—yp) (z+y)

adt (z,y) =

Take the partial derivative of the above d{z and dOR with respect to y, we get:

adR(xy)_ 2w(l4+2ey+y°) (1=)y(=p) _

9, 71 ) -

0y 2w (1 —y?) + (@ +y) (v + =)

9 ~R _ 2 _ 2\ 2
500 (1.0) = e arnamsaE (0 [T w)y Y8 4 8w+ 2w+ y)y — (14 2wy +y°)7?]

v+ [1=y+wl+7) (1= 1+2zy+y*)v)] pn}

Denote the terms in the curly bracket of the above a@&(lf as Np. In the next two paragraphs, we will

show 2-a 0‘0 (#,9) |,—5&r < 0 by showing that N; (y = §) < 0 in two cases: (1) when w > rin np

and (2) when w < £

12



Case (1): If w > #H e must have §f = ‘ﬁzil;w, Substitute it into Ny, we get

- 1—7)(1—p)|[—16w? —yp)2+8w(—4+x _
Ny (y = b=y Y1) (A-p)| +(w+qﬁgu)+ (—4+a(y+u—u))]

< 0

because —16w? + (v 4+ —yu)? < 0 and —4 + x(y + g — yp) < 0. The last inequality is from z < 1
and v+ p—yp < 2.

Case (2): If w < #H we must have §f = 1. Substitute it into N1, we have

Ni(y=1) = 4’2y —1)+p—yQ+p) +w[-4+7(9+2z(1 — ) (1 — p) — 2v(1 — p) — 3p) + 4]

= p=70+p)+wldw2y—1)—4+5(9+2x(1 —7)(1 —p) = 2v(1 — p) = 3p) + 4

< p=y—qptw[lpty—yp) 2y —=1) =4+ (94221 —y)(1 —p) = 2y(1 — p) — 3p) + 4

= p=y—p+2w[2+y@+z1-7)1-p)

= p—y—yp+dw2y—-1)+2wyz (1l —7)(1—p)

< (ptr=—w=29)+p+ry—y) 2y D +29(1 -7 A —p)
= 2y(p+y—w) =2y + 2y (A =y —p+p)

pu— (_.)7

where both inequalities are obtained from substituting w < #*2=%_ To summarize both cases (1)

and (2), we have proved a%d(]ﬂy:gzz < 0. Therefore, we have

- (L+y—my) [0 9 .
=M (z: p=- 1 P2 R — — - .
ay (l',y,’)/) ’y—yR 4(1 + 'U}) ayal ‘y—yR 8ya0 |y—yR >0

Finally, we will show that the first term in (A.9) is positive, i.e., %M(az;y,’y) > 0 for any
given y € [0,1]. To see this, note that M (z;y,v) = W (a4t — aff], where W is positive
and always increasing in + because y < 1. Therefore, as long as %d{% — %dé% > 0, we will have

%M (z;y,7) > 0. Take the partial derivative of d{%and dOR with respect to «, respectively, we get:
dalt [z +y+2w(l—y?)] [pz+y) + 2wl —y?)]

T -ty 2l

13



0af _ (z+y)[ule+y) — 21+ p)] - 8w(l — y?) — 2wy?(z + y)(1 + p) — 4w?(1 — y*)

S = _ ; <0,
g [4+2w(l+9%) = (u+v—yp) (2 +y)]
where the last inequality is because pu(x 4+ y) < 2 < 2(1 + p). Thus, 8%&{% - 8%&6% > 0. It follows

that %M (x;y,7) > 0 for Vy € [0, 1].
Altogether, we have established that all three terms on the left-hand side of (A.9) are positive,

so we have %M (z;9%(7),7) >0, ie, M () is increasing in ~. O

Proof of Proposition 7:

Proof. (I) Comparing §% and 3" (The First Row of Table 1)
From (A.6), we can verify that §% < 1 for w > %. Therefore, y¥ = 1 > 7%, where the

og+oLp

inequality is strict for w > Wontor)

. In addition, we can re-write y° as:

1+p

. 1+p
. T if w > S

1 otherwise

Note that -ZHLTILEL > HT“ for oy > o, and p < 1. Thus, we have

4(0’H+UL) —
ogtorpp _ 1+,LL 3 OCHtOLU
4w(0'H+CTL) 8w Z 0 if w > 4(0’H+CTL)
R e 1+p e ogtorpp 14p
1-1=0 if w < LE

(ca—or)(1—p)
8w(og+or)

The upper branch of § — y¢ can be simplified to which is non-negative for oy > o,
and p < 1. Therefore, we have §f* > y¢ and the inequality holds when oy > o7,

(IT) Comparing " and 2" (The Second Row of Table 1)

We compare 2 and 2" in two special cases: (a) the signal is uninformative, i.e., oy = o1, = 0;
(b) the signal is informative and symmetric, i.e., oy =, 0, =1 —7 (v € [%, 1]).

(II-a) Uninformative Signal: oy =07, =0

(i) First, we want to show %M(l) < %, so #f is the unique solution to M(z) = 2cx for
c > %. Based on Lemma A.3, we know that M (z) is decreasing in w and increasing in o, i.e.,

M (1|w>00<1) < M (1|w=00=1)- When w = 0, we have §7%|,—0 = 1. Recall that when §% = 1,

14



M (z]g" = 1) is (A.7). It follows that

I—p
3—p—(1+pa]

M(£|w=0,0’=1) = 2[

from which we get M (1|y=0.0=1) = 1. Therefore, we have %M(l) < % and the inequality is strict

for any w > 0 or o < 1.
i‘R

Having shown that %]\Z (1) < %, we can conclude that for ¢ > %, is the unique solution to

M (x) = 2ca. Following the fact that M(z) is increasing in o (because of Lemma A.3), we know

R must increase in o.

T
(ii) Note that when o = 1, M (z) simplifies to M (z) of Proposition 2 for all w. Therefore, we

have 2%|,—; = . From Proposition 3, we know 2% < 2V for ¢ > %. Combining with the fact that

#f is increasing in o, we have #7 < 57R|U:1 <zV for e > %.

(II-b) Informative Symmetric Signal: oy =, o, =1—7 (v € [3,1])

(i) First, we need to show that when oy = v € [%, 1] and o7, = 1—7, we have %M(l) < %, so that

for ¢ > &, &% is the unique solution to M (z) = 2cx. Because M (z) is increasing in v (Lemma A.5),

we know that M (1|y<1) < M (1|,=1). When v = 1, it is easy to verify that §%|,—; = min { £, 1}

and
Y R _ 1 _ 4 . 1
~ M (algh = g5 =1) = Tow?i5w—1—sws 10>
M (x]y=1) = ~ :
Thus, when w > i, we have M(l\,yzl) = 16w2f§’4w_1 = 4w+é—i < 1+é71 < %, where the first

4w

inequality comes from 4w > 1. When w < 1, we have M (1]4=1) = m <

1

7, Where the last

%]\NJ (1) < % and the equality holds only for

inequality is true for all w > 0. Therefore, we have
~v=1and w = 0. It follows that for any ¢ > % > %]\Zf(l), #™ is the unique solution to M (z) = 2cz.
Combining with the fact that M (z) is increasing in v, we know that % must be increasing in ~.

(i) When v = 1, we can solve # by letting M (|,—1) = 2ca. Therefore, for ¢ > 1, we have

2 .
24w -k —/Crw— ) - L ifw>
.%R N 16w 16w 4c 4 . (AlO)

2wt §—fewt )’ 4 0w <]

Comparing this #7|,_; to ¥ of Proposition 1, we can show that #¥|,—; < #¥" when p < fi (¢, w);
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and %|,—1 > 2V when u > ji(c,w), where

c(1-8w—16w?)

Swa\/764cw2+02[1716w(2+w)}2 (All)

4w [c—i— 2 (3+4w)? —c}
8c(14+w)(1+2w)—1

fi(c,w) =

In addition, we know that # is increasing in «. Consequently, when u < fi (¢, w), we must have
g1y

jR‘%gygl < #f|,_; < 2V. When p > fi(c,w), we need to compare 5:3\7:; to zV. Clearly, v = 3

implies oy = o, = 3 = 0. According to Part (Il-a), we know that 7| < 2¥. Combining

y=o=1
with the fact that % is increasing in v, we know there exists a threshold value 4 (1, ¢, w), such that
it <2V for v € [1,7) and & > 2V for v € [7,1].

(III) Comparing EV (z¥,3%) and EV (zV,3") (The Third Row of Table 1)

Recall that EV (z,y) = X (1+p)(z+y). To compare EV (i §%) and EV (zV,y"), we
compare (i’R—i-jQR) and (a:V —i—yv) in two special cases: (a) the signal is uninformative, i.e.,
o = oy, = o; (b) the signal is informative and symmetric, i.e., oy =, 0, =1 —7 (v € [%, 1])

(III-a) Uninformative Signal: oy =0 =0

In this case, because we have & < 2V and §% < y" for Vo € (0, 1], it follows that EV (:?:R, ij) <
EV (:L‘V,yv) for all 0.

(III-b) Informative Symmetric Signal: oy =~, o, =1—7 (v € [3,1])

Because # and 7% are increasing in v, and 2" and 3" are independent of 7, EV( R R) >
EV (:z:V, yv) holds for some v € (%, 1) only if EV (iR, ij) ly=1 > EV (mv, yv). Therefore, we next
examine the case of 7 = 1 and show under what conditions EV (:i ) ly=1 > EV ( v V)

First, if w < % when v = 1, we have % = 1 = ¢V, thus EV( R R) > EV(:U Y ) if and
4w [c—i— c2(3+4w)2—c
8c(1+w)(1+2w)—1

4w | et/ c? (3+H4w)2—c 1
8[6(1+w)(1+2w)1 } fOI' Vw S (O, Z]’ [AS

according to the proof of Part (II-b)

§01)-

only if ¥ > 2V which holds when p >

(Equation (A.11)). Therefore, fi (c,w) =

Second, if w > % when v = 1, we have g < y". Let f(w,c) = zf +

gt =2+ w -
12

e(8—1) /P B—p)>—c(1—41?)

2 c2(3
e~V @rw— ) = g and det g (o) = oV +yY = s L
EV (:ER, ij) > EV (:1: ,yv) if and only if f (w,c) > g (u,c). As we can show, f (w

,¢) is decreasing
in w, and g (i, c) is decreasing in pu. As we can verify, Ve € (%, 1), glp=1¢c) < f (w = %,c) <
g(p=0,¢)and f(w=1,¢) < g(p=1,¢) < g(u=0,c). Therefore, there exists a w (c) € (%, 1)

such that f (,¢) = g (1 =1,c). As aresult, when ; < w < 0, there exists a i (c,w) € (0,1) such
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that g (,¢) = f (w,¢) and g (4, ) < f (w, ) if > f.
Altogether, we have shown that for any ¢ € (%,1), w € (0,%(c)), and p € (i(c,w),1),

EV (2%,9%) |,=1 > EV (2V,y"). Because EV (2, §) |1 < EV (zV,y") always holds, there

exists a threshold ¥ (¢, w, u) € (%, 1) such that when ¥ <~ <1, EV (a?R,ij) > EV (:L‘V,yv). O

Proof of Proposition 8:

Proof. As we can show, when V alone is observed as a signal, the equilibrium effort

(
1 if >
w

gV = e g < P! (A.12)

8w

A it <)

and 2" is the unique solution within [0,1] to the equation K (a%v, gjv) =2czV (for ¢ > %), where

1+p 1—p
K(z,y) = [a) (z,y) — o) (z,y = . A.13
When R alone is observed as a signal, the equilibrium effort
1 if >
gt = (A.14)
B <,

and 2% is the unique solution within [0, 1] to the equation M (iR, g)R) = 2ci® (for ¢ > %), where

M) = [afw) - aliwn)] 5
_ { (z+y) +2wl-y®) 201+ w) - (z+y) — 2wl —y*) }(1+u) (A15)
I+p)(z+y) +4w(l—9y2) 401+w)— Q1 +p)(z+y) —4w(l —y2)| 401 +w)’ '

(i) Comparing (A.12) and (A.14), it is easy to see that g% = " if L2 > A and §7 < gV if
L

(ii) To compare #¥ and &, notice that M (x,y) — K (z,y) can be simplified as

l—p  —dw(1—y?)[d— 1+ p) (z+y)] —4wy? [4w (1 — ) + (1 + p) (z + y)]

2 [4-(+p)(@+y) +dwy? w1 —y2) + QA +p) (@ +y)][4— 0+ p (@ +y) <0
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Therefore, M (z,y) < K (x,y) for any x, y. If?—w“ >\, g% = ¢ . Therefore, M (a:,ij) <K (x,g)v)
for any z. As a result, 2% < 2V for A < ?—w".

If lé"—w“ < A, substitute ¥ = X and §% = 18+—w“ into K(z,y) and M(x,y), respectively. We have

M ($7ng = 1+M> _K(m,gV>

8\
(1—p) 1 4\ (x + ) 1
T2 {4—(1+u)(a:+/\)_1+2x/\+A2'2[4—(1+u)(x+/\)]+A(1+u)
(1) 1 . 1 o
< 2 {4—(1—1—#)(%—&-)\) 2 -1+ p)(z+N]]

We can further show that M (a:, g)P‘) is decreasing in w. Notice that K (w, QV) is independent of
(o,

9 < M(z, g% w = Ly < K(x,¢Y) for any x. As a result,

1+u
w. Therefore, for Vw > 5=, M Y

R <2V for A > L& ]

8w

Proof of Proposition 9:

Proof. In the scenario when the client incorporates symmetric private signal into the review (with
cg=~vand oL =1—7,~v¢€ [%, 1]), when V' alone is observed as a signal, the equilibrium effort

remains the same as in the baseline model, that is,

1 if de >
w
§v = Lo p )\ < 1 (A.16)

e 14
A if 87154 S )\,
and 2" is the unique solution within [0,1] to the equation K (a:, QV) = 2cx (for ¢ > %), where

I+p 1—p
4 2l - (1+p) (z+y)]

K(z,y) = [af (z,y) — ag (z,y)] (A17)
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When R alone is observed as a signal, as we can show, the equilibrium effort can be derived as

1 if w < L2
1+p e 14p 1+p
£ it /¢ <w <
2 8 8 = "8
gh=4"" (A.18)
A if L gy < 20
1+A=p 1+(A=y)p
o ifw > —5

and 27 is the unique solution within [0, 1] to the equation M (x, ;in) = 2czx (for ¢ > %), where

~ - YHA-Np
[a{%(%y) - ac?(% y)] w

- [ v(@ + ) + 2yw(l — y?) B 2(1+w) —(z+y) — 2qw(l —y?) A=A g
G+ 0-1w @ty +2u(l—y?) 41+w)-G+0-Np @ty -2wl-y?)] s0+w)

M (z,y)

(i) Comparing (A.16) and (A.18), it is easy to conclude that g% = §V if w < Wa and

SR AV y+A—y)p

(ii) To compare 8 and 2V as ~ varies, we first show that M (x,§R> is increasing in .
To show this, note that %M <x,ij> = %M (x,ij> + %M (m,ij) %ij. As we can check,
a%df(x,y) > 0 and a%d(lf(x,y) < 0 for any z and y. Therefore, we can easily conclude that
%M(x,y) = [%d{z— a%doR} % + (aff — af) ﬁ > 0 for any = and y (notice that

aft > dOR always holds). For w < W, g% is independent of ~, so %ﬁR = 0 in this case.

As a result, %M (:v,ﬁR) > 0. For w > w; %?jR = 1477)\“ > 0. We thus need to check the
sign of %M <x, ij). As we can check, %df(x,y) > 0 for any x and y, and %d{f‘(m,ﬁR) < 0 after

substituting gt = W

into the expression of a%dé%. Therefore, %M (x,ij) > 0, and hence
%]\Zf (:1:, §R> > 0. As a result, M (x,ij) is increasing in . Therefore, we can conclude that z%,
as the solution to M <x, ﬁR) = 2cz, is also increasing in .

We next check the extreme case when v = 1, and compare % and 2" in this case. When v = 1,

M (x,y) in (A.19) simplifies to M (z,y|y =1) = . As a result, we can explicitly

1
2(4—z—y)+dw(1+y?)

solve M (z,y) = 2cx for % (y) such that

cld—y+2w(1+y?)] —\/6[0(4—y+2w(1+y2))2—1]
2c

7 (y) ‘721 =

(A.20)
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Similarly, we can explicitly solve K (x,y) = 2cx for 2V (y) such that

) (- (L+p)y) =/ (- 1+’ —cl-p2)
2V (y) = (T H) . (A.21)

Notice that given y, 27 (y) |=1 is independent of p, whereas ' (y) is decreasing in u given y

9 —(2—a—
(because 77K (z,y) = m <0).

Substituting ¢ from (A.18) into (A.20) and ¢V from (A.16) into (A.21), we can compare 25

and &V within different regions:

R \%4

(a) When w < HT“, substituting in ¢ = 1 and §¥ = 1, and solving 2% = 2V, we have

4w [c+ VB +4w)2 —c
8c(l+w)(l+2w)—1

fi1 =

(A.22)

R is independent of u, and 2" is decreasing in p, B> Vit w> [

Because Z

(b) When % <w< 1;—/\“, g =gV = %. Notice that because both 3 and §" depend on p,
we cannot obtain an explicit sufficient and necessary condition on p for Z% (f/R) > 3V (g]v) to hold.
Nevertheless, it is possible to obtain a sufficient condition instead. Notice that &V <QV = 18%“) <

&V (y = 1) (because &V (y) is increasing in y), and z% <ij = ?—w“) > 2% (y = \) (because % (y)

is increasing in y for y < &, and 7~ > £ > X in the region we are discussing). Therefore,

qw? 4w 8w
if #8(y =) > &V (y = 1) holds, then &% (f/R - %ﬂ) > 3V (QV - %ﬂ) holds as well. Solving
B (y=X) =2 (y=1) for u, we have

(1= X+2w (14 A?)) [c+\/02(4—)\+2w(1+)\2))2—c}
cB=A+2w(1+X)(B-A+2w(1+A?))—1

fiz =

Because ' (y = \) is independent of p, and 2V (y = 1) is decreasing in p, % (y = \) > 2V (y = 1)
if > fig. As a result, we have a sufficient condition: if u > fig, zh (ij) >3V (QV)
(c) When ?—)\“ <w < 4, g = X and 7V = A. Substitute them into (A.20) and (A.21), and

solving zft = &V for p, we have

2(1+)\2)w[)\c—|—\/02(4—)\+2w(1+/\2))2—c}

= . A24
K de(2+w+ N2w)(2+w+ N2w—N) —1 ( )
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R

Again, because Z" is independent of x, and &V is decreasing in p, > &V if > fs.

(d) When w > 4, gt = + and §¥ = A. Substitute them into (A.20) and (A.21), and solving

zf =2V for u, we have

_ _ 2
e = ¢ (1 -8 \w — 16w?) _ (4.25)

Schw — \/ —64cw? + 2 [1 — 16w (2 + w)]?

Similarly, we have £ > 2V if p > jis.
Combining (a) through (d), we characterize the regions in which # > &' holds, under the
extreme case of v = 1. Figure 6 illustrates such regions (i.e., regions (a) and (b), as regions (c¢) and

(d) not applicable) when A = 0 (i.e., the client fully determines his own effort).

@ | ®)

w

Figure 6: Comparison of Equilibrium Efforts (y =1, A =0, ¢ = 0.15)

In the other extreme case when v = %, as we can show, z2 (O‘H =0 = %) <zt (cp=o0r=1)<

2V (Notice that when o = o, ﬁR = yf, so the results from the original model apply).

\%4

Altogether, we have shown that R s increasing in 7y, whereas " is independent of ; when

. 2f < &V when 4 = 1, there exists (¢,w, ju, A) such that 2% > &V holds. Therefore, we

N[

’y =
can conclude that there exists (c,w, u, A) such that for a certain threshold 7 (¢, w, u, A) € (%, 1),

8 < 2V when v <7, and 2% > 2 when v > 7. O
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S2 Different Distributions for ¢ and ¢

S2.1 Arbitrary Support

In this section, we extend the supports of £ and & to show that our main results do not depend
on the specific choices of support in the paper. We now let ¢ follow a uniform distribution over

an arbitrary support [—bi,a1], and € follow a uniform distribution over [—bs,as]. Thus, we have

the cdf’s of the two random variables as G(§) = f1++bbl1 and F(e) = (f;jfé. Notice that the original

model in the paper corresponds to a; =0, by = 2, ag = w, and by = 1.

Solve for " and y": Substituting G(¢) into (2), we have Pr{V = 1|0} = ’“’(Z’jiﬁ);”“. Therefore,

the expected payoff of the service provider can be derived as

Er = Oc(‘)/—i-}(a‘l/—ag) [Pr(V=1/=H)+Pr(V=10=L)] —ca?

2

1 (+p)(z+y) + 20
1% \% 1% 2
&%) +§(O&170[0) a1—|-b1 — CI,

1% 14 _ 2V _,V . . . -
where o} = 2a1f(111i )(4;3(/ oy and af = 5 76(11 Jf; ) (xl(, et Taking the first derivative with respect
to x and y, we have

OBx _ 1 (aV — av) Ltp _ 2cx
ox N 2 1 0 a) + b1

OET 1, v vy 1+p
oy N 5 (al @o ) a1 + by

Because % is a positive constant, we have 4" = 1. Meanwhile, 2" is the solution within [0, 1] to

K (x,yv) = 2cx, where K (x,y) = 2((;11’21) [aY (x,y) — a(‘)/ (x,y)].

Solve for z® and y: Substituting G (¢) and F () into (10), we have

Pr{R=1/0} = 1-F (wa) + [F (wyz) - F (wy2 1] 1 =G (—po(z+y))]
as — wy? po (r+y) +a
as + bo (b1 4 a1)(b2 + a2)
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Therefore, the expected payoff of the service provider can be derived as

1
Er = o+ 3 (aff =) [Pr(R=1|0 = H) + Pr (R=1|0 = L)] — ca?
1 2 (a2 —wy?)  (1+p)(z+y)+2m
R R R 2
— + — — + _ ,
@0 2 (041 @0 ) as + by (a1 4 b1)(az + b2) o
R a1+(wR+yR)+(b1+a1)(az—w(yR)2) (b1+a1)<b2+w<yR)2) —a1—(zfi4yT)

where a* = and oft =

201 +(1+p) (@B +yR)+2(b1+a1) (az—w(y?)?) 2(b1+a1) (batw(yR)? ) —2a1—(14+p) (@B+yR)

Taking the first derivative with respect to x and y, we have

oET 1, r R 14+ p

- — -2
oz (01" —ap) (a1 +b1)(az + ba) "
OEm 1, » & 1 1+p
g 2 _ 4
y 2(&1 aO)ag—Fbg( wy+a1+b1

As a result, we have y® = min {%, 1}, and 2 is the solution within [0,1] to M (:U,yR) =

(A4p) [ R
)

2cx, where M (z,y) = 57 odt (z,y) — off (z,y)].

a1+b1)(az+b2

Compare zV to zf, and y" to y: Tt is easy to see that y < y¥ always holds. We numerically
solve and compare zV and z® for different values of ay, by, ay and by. We find that the general

result that 2% < 2V continues to hold. Figure 7 illustrates a representative comparison result.

1
0.9+ 1
yV
g o8 g
> = L
2 o7t G 08 P
° 2 T
£ 06F = e
B S o6 -
g O -
£ 051 S -
§ -
L. £ -
g0.4 Eoal-
5 03f 8 )ﬁ
3 z
3
L Q
g 02 02
01
0 0

. . . .
0 02 0.4 06 08 1
n

(b) y¥ vs. "

Figure 7: Equilibrium Comparison (§ ~ U [—2.25,0.25], e ~ U [—1.25,0.5], ¢ = 0.15, w = 0.25)
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S2.2 Beta Distribution

In this section, we extend the distribution of £ and e from uniform distribution to a more general
distribution family, Beta distribution. Beta distribution is the most commonly used and well studied
distribution family over finite supports. Specifically, we let z; and zo be random variables following
Beta distribution over [0, 1] with cdf L(z;) = 1 — (1 — z;)%, where 8; > 0, z; € [0,1], and i = 1,2.
When §; = 1, the distribution reduces to uniform distribution; when 8; > 1 (5; < 1), the distribution
skews to the right (the left). We then rescale z; and zo to fit the supports of £ and e such that
€=2(z1 —1) € [-2,0] and € = 22(1 + w) — 1 € [-1,w]. Consequently, the cdf’s of £ and ¢ can be

derived as G(§) = L (g + 1) =1- (—%)Bl and F(e) =L (fi;) =1- (1 — fi&})ﬁQ

B
Solve for " and y": Substituting G(€) into (2), we have Pr{V = 1|0} = [W} " Therefore,

the expected payoff of the service provider can be derived as

B1
1
Er = ag+§(aY—ag) <1+,u51) (:/U—;—y) — cx?.

Taking the first derivative with respect to  and y, we have

B1—1
e = L) () 5 (75
8E7T . 1 v v B Bl f[f‘"y Pi—1
oy 2(“10‘0)(”“1)2(2)

OET

Because Dy 0 for any y, therefore, yY = 1. Meanwhile, 2"

is the solution within [0, 1] to

K (ac,yv) = 2cz, where K (z,y) = % [aY (z,y) — oy (a;,y)] (1 + ,uﬁl) (%ry)ﬁrl.

Solve for z® and yf: Substituting G (£) and F (¢) into (10), we have

v = (S22 [0 (- ) (122 )
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Therefore, the expected payoff of the service provider can be derived as

+(1+47) (

2

At

Cltw

B2
R w(l —y?)
ao){Q[ 1+w
x+y wy2

E

)

1+w

i

Based on the first order condition, (zf,y) is the solution within [0,1] to the two simultaneous

OET

equations: <5~

=0 and ‘98% = 0, which can be derived as

)"~ (s4522)") -

wy2

14w

w(l-y?)
14w

Haf —af) oy |(1-

2\ B2 ooy B2
2y [(1- 85)" - (4422”4 2a - 00 (L) (5397 0
-1 2\B2—1 /_ o\ Be—1
where Dy = (1446%) 8y (%52)" " Dy = 5y (1 - 122)™ " (5222) and Dy = 3, (22) " (522

Compare zV to 2%, and y" to y®: We numerically solve for ¥ and (wR,yR) under various

values of 81 and Bs. We find that the general result that 2B < 2V and yR < yV continues to hold.

Figure 8 illustrates a representative comparison result.

o
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@

0.8r

3

0.61

04r

The equilibrium effort of the provider
The equilibrium effort of the client

0.6 0.8 1

u

(b) y¥ vs. y"

0.4

Figure 8: Equilibrium Comparison (81 = 0.85, f2 = 1.15, ¢ = 0.15, w = 0.25)
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S2.3 Normal Distribution

In this section, we let £ and e follow normal distributions so as to extend the support from finite to
infinite and the distribution from uniform to another common family. Specifically, £ ~ N (/451, 7'12),

and € ~ N (k2,73). Denote their cdf’s and pdf’s as G(£) (F(e)) and g(&) (f(€)), respectively.

Solve for zV and y": Substituting inPr{V =1|0} = 1 — G (—uy (r +y)), we can write the

expected payoff of the service provider as
1
Enr = ag+§ (af —af)[2-G(~z—y) — G (—plz+y))] — cz’.

Taking the first derivative with respect to x and y, we have

85? - % (f —ag) lg (=2 —y) + pg (—p(z +y))] — 2cz
OEm 1, v Vv
=5, = 3 —el)lg(=r—y)+ng (ue+y))

OET

Because Dy 0 for any vy, therefore, y¥ = 1. Meanwhile, z"

is the solution within [0,1] to

K (z,y") = 2cz, where K (z,y) = 5 [of (z,9) — of (z,9)] [9 (—2 — y) + png (—p(z +y))]-
Solve for z® and yf: Substituting in
Pr{R =10} =1—F (wy®) + [F (wy®) = F (wy® = 1)] [1 = G (—po (x + )],
we can derive the expected payoff of the service provider as
Br = of + o (off —off) {2 = 2F (wy? — 1) — [F (wy?) — F (wy? ~ 1)] [€ (=2 — ) + G (=l + )]}

Based on the first order condition, (wR,yR) is the solution within [0,1] to the two simultaneous

equations: 227 — (0 and 227 — (. which can be derived as
q ox oy )

% (O‘{Z - a(I)%) [F (UJZUQ) - F (wy2 — 1)] D1 = 2cx

2Ds+ (D — D3) [G (2 — y) + G (—ule + )] — [F (wy?) — F (wy? = 1)] Dy =0,
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where Dy = g (—z — y) + pg (—p(z +y)), D2 = f (wy?) 2wy and D3 = f (wy* — 1) 2wy.

Compare z" to 2%, and y" to y®: We numerically solve for ¥ and (mR,yR) under various
normal distributions of ¢ and . We find that the general result that zf < 2V and y® < ¢V

continues to hold. Figure 9 illustrates a representative comparison result.
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Figure 9: Equilibrium Comparison (k1 = kg = 0, 71 = 72 = 0.6, ¢ = 0.15, w = 0.25)

S3 Results When ¢ is Small

In the paper, we focus on the generic case in which the service provider’s cost coefficient ¢ is not
too small. As we discuss in the paper, doing so allows us to focus on the nontrivial regions with
unique equilibria and to avoid the distraction of technical discussions. In this section, we complete
the picture and characterize the equilibrium solutions when ¢ is very small. As we show, our main
results extend to the case of small ¢ robustly.

We follow the baseline model and characterize the equilibrium results when c is very small. In
the case when the service outcome serves as a signal, we can solve the equilibrium effort in a closed

form and hence fully derive all possible equilibria under explicit conditions.

Proposition A.1. When the market observes the outcome V alone as a signal, for ¢ < %, the

equilibrium effort of the client is always y¥ = 1; as for the equilibrium effort of the provider, (i)

1—p?

cB=p) VR B—p) —c(1—p2) . /..

<c< % and p > %, there are three equilibria: ¥ =1, e

when
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1—p?
(3-n)*

there are two equilibria: x

when ¢ = and > %, there are two equilibria: " =1, 25’1;’2) ; (11) when ¢ = % and p > %,

vV _ 1 2(1—p)
7 14

; () otherwise, there is only one equilibrium: z¥ = 1.

Proof. Following the proof of Proposition 2, we have the first order derivative with respect to y
always be a positive constant. Therefore, y¥ = 1. Recall that the first derivative with respect to

equals K () — C (z), where K (z) = H—“Aav (z,y") = and C () = 2cx. As we have

1—p
2[83—p—(14+p)x]
shown, K (0) > C (0) = 0. When ¢ < £, we have K (1) > C (1), so BE”LE 1=K(1)-C@1) >0.

As a result, the corner solution at the upper bound, " = 1, is always an equilibrium solution. In

addition, when ¢ > K(z) and C(x) intersect twice, i.e., K (z) = C (x) yields two solutions

A-p? g
(3-w)?*’
2(3—p)% —c(1—p2) 1—p
2c(1+p) ' (3—p)?

1 cB=p)+V/2B—p) —c(1—p?)
< ¢ < g 2e(1+ 1)

< % for all u € [0,1] and the strict inequality holds

if yu # % Also, given < 1 if and only if u > %, and

1—p?
(3—p)°
c(3=p)—V/2(3—p)’ —c(1—p?)

e (1) > 1 if and only if u < % As a result, when —F5 < ¢ < ¢ and w > %,

(37 )
c(3—p)E 62(3*@ —c(1—p?)
2¢(1+p)

Notice that

there are three equilibrium z"’s within [0,1], z¥" = 1, , which corresponds

2

to (i). When ¢ = ~=£ K(z) and C(z) intersect once at

ERmER Mg < 1 if and

3—p
2(1+ 2(1+u) " 2(1+/L
only if 4 > %. Therefore, when ¢ = (ztii;

[0,1], 2V =1, %, which corresponds to (ii). When

1
37

Vog within

and p > there are two equilibrium x

<c=z, K(z) = C(x) yields two

1—p? 1
(3—p)? ]

solutions: 1 and 24=#) Notice that (1 “) < 1if and only if 4 > 5. Therefore, when ¢ = L and

1+p 8
=1 2(1—p)

T3> Which corresponds to (iii). In

w> %, there are two equilibrium 2V’s within [0,1], 2V
all the other cases (i.e., ¢ < ( M)Q, or p < 3 and c < é), there is only one equilibrium, z¥ = 1,

which corresponds to (iv). O

When the review serves as a signal, the equilibrium effort does not have a closed form. As a result,
fully explicit conditions for different equilibria are not available. Nevertheless, we can characterize

the equilibria in general and provide sufficient conditions under which multiple equilibria exist.

Proposition A.2. When the market observes the review R alone as a signal, for ¢ < %M(l),
the equilibrium effort of the client is always y'* = min {lgr—w“, 1}; as for the equilibrium effort of the
provider, one, two, or three equilibria could exist, among which ™ =1 is always an equilibrium, and

the other possible equilibria must be the solution(s) to M (x) = 2cx within the range of x € [0,1].

In particular, when (375)2 < c < 1M( ) and p > %, there are three equilibrium x%’s. Here,
_ 14
M (z) = ﬁAaH (z,y7).
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Proof. Following the proof of Proposition 2, we have the first order derivative with respect to y as

SEx AaR(IR7 yR)

(1 4+ p — S8wy). It is thus easy to conclude that y* = min {18%“, 1}. Recall that

Oy 4(14w)

the first derivative with respect to x equals M (z) — C (x), where M (z) = 4(111’;) Aalt (x, yR) and
C (z) = 2cx. As we have shown, M (0) > C (0) = 0. When ¢ < £M(1), we have M (1) > C (1), so
9Em

o le=1 = M (1) —C(1) > 0. As a result, the corner solution at the upper bound, rf =1, is always
an equilibrium solution. In addition, because M (z) — C (z) = 0 simplifies to a cubic equation of
x (with at most three real roots), and we have M (0) > C (0) and M (1) > C (1), we can conclude
that M (z) and C (z) intersect at most twice within [0, 1]. As a result, within the range of = € [0, 1],
M (z) = C (z) may yield no solution (i.e., M (z) > C (x) for Vz € [0, 1]), one solution (i.e., M (z)
intersects C (x) at a point where M (z) is tangent to C (z)), or two solutions (i.e., M (x) intersects
C (z) twice). Consequently, including the corner solution zf* = 1, there could exist one, two, or

R

three equilibrium z''’s.

To derive a sufficient condition under which multiple equilibria exist, recall the results in Proposi-

tion A.1 that when (;:Z; <c< % and p > %, K (x) intersects C' (x) twice within x € (0,1). Notice

that when w = 0, M (z|lw =0) = K (z). By the proof of Corollary 2, M (z) is decreasing in w.
Therefore, we have M (z) < K (x) for any w > 0. We know that M (0) > C (0), and M (1) > C (1)

when ¢ < %M(l) (< %) Therefore, we can conclude that when

1—p? 1 1
(S_z)Q < ¢ < zM(1) and p > 3,

M (z) intersects C (z) twice within z € (0, 1), yielding two solutions of z#. Consequently, including

R

the corner solution ™ = 1, there are three equilibrium z*’s under this condition. O

Next, we compare the equilibrium effort under the two scenarios. Given the possible multiple
equilibria, we need a certain criterion to refine the equilibrium concept and eliminate those less
“reasonable” equilibria. We consider that among multiple possible equilibria, only the one that
yields the highest expected payoff for the service provider sustains. Under such a criterion, we are
able to narrow down to a single equilibrium for each scenario when c¢ is small. The next proposition
shows that the equilibrium comparison results in the paper extend robustly to the case when c is

small.

Proposition A.3. The equilibrium effort levels of both the service provider and the client are lower
when the review is observed as a signal than when the outcome is observed as a signal. Specifically,

for ¢ < %, 2 <2V, and y® <4V with strict inequality when w > HT“.
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8w

Proof. Recall that y¥ = 1 and y® = min { 1tu 1}. Therefore, yf* < ¢V with strict inequality when
w >

Next, we compare z* and 2", Following the same analysis as in (A.32), we can show that the ex
ante payoff for the service provider equals Pr(§ = H) — ¢ (ac*)2 As a result, the equilibrium effort
x* that yields the highest expected payoff for the provider is the one that is the lowest in value.
In other words, under such a refinement criterion, for ¢ < %, the equilibrium effort of the provider,
zft (2V), is either the smaller solution to M (z) = 2cx (K (r) = 2cx) within (0, 1) (if two solutions

exist), the only solution to M (x) = 2cz (K (z) = 2cx) within (0, 1) (if only one solution exists), or

1
8

the upper bound 1 (if no such solution exists). Notice in particular that for $M (1) < ¢ < £, we
have shown in the paper that there is a unique solution z* to M (x) = 2cx.

Recall that M (z|w = 0) = K (z), and M (x) is decreasing in w, whereas K (z) is independent
of w. We thus have M (z) < K (z) for any w > 0. For ¢ < %, if K () intersects 2ca within
(0,1), then 2V is the (smaller) solution to K (z) = 2cx, and therefore K (z") = 2cz". Because
M (0) >2c-0 and M (z¥) < K (") = 2ca¥ , M (x) must intersect 2cx at « < 2V Consequently,
as the (smaller) solution to M (z) = 2cz, =™ must be less than V. On the other hand, if K ()
does not intersect 2cx within (0, 1), then zV takes the upper bound 1. As a result, 2% < zV = 1.

Altogether, we can conclude that <2V for e < %. O

S4 Results for Section 6.2

We follow the baseline model with the only difference that the client’s effort y is now observed by
the market when the review R serves as a signal. As we discuss in the paper, we can derive the
perfect Bayesian equilibrium when R serves as a signal as follows.

Given any chosen y, the market forms its rational belief about the true type of the service
provider based on the observation of the realized value of R and the client’s effort level y, while
rationally anticipating the equilibrium effort of the provider %, such that

R Pr(R=1/0 =H)Pr(0 = H)

Pr(R=1/0=H)Pr(§ =H)+Pr(R=1[0 = L)Pr (0 = L)

C 2w(—g)+ ()
 Aw (-2 + (A +p) (@R +y) (A.26)
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and

R Pr(R=0/=H)Pr(0=H)

Pr(R=0/0=H)Pr(0 =H)+Pr(R=0[0=L)Pr(¢ =L)
2(1+w) —2w (1 —y?) — (2% +y)

A1 +w) —dw (1 —y?) = (1+p) (&7 +y)

(A.27)

On the other hand, rationally anticipating the market belief a{% and ozé?“, the service provider

R

chooses ©™ such that it maximizes her expected payoff

Er = Pr(@=H)[Pr(R=10=H) af +Pr(R=0|0 = H) - o]
+Pr(@=L)[Pr(R=10=L) af + Pr(R=0|0 = L) - aff] — ca?

= }[aéz—i—Pr(R:lW:H) (aff —af)] +%[a§+Pr(R:1|9:L) (aff — aff)] — c2?

2
. R R w 2 I 1+4+p 2
= ay +Aa 71+w(1 y)+71+w74 (Jc—l—y)} cx?, (A.28)
where Aaft = oft — oft. As a result,
i® (y) = argmax of! (J'UR y)—l—AaR (Z'BR y) L(l—yg)—l-;l—i_u(fc%-y) —cx?. (A.29)
P ' ’ 1+w I+w 4

The first derivative of (A.29) with respect to z yields (note that ¥ inside off and off is treated as

a constant here)
oET

1
5. = Aa® (a':R,y) L 2cx =0 (A.30)

4(1+w)

Therefore, the equilibrium effort of the provider (given any chosen y), % (y), is the solution
within [0, 1] to the equation
M (i%,y) = 2ci®, (A.31)

where M (a’sR, y) = Aol (:z':R, y) ﬁ. As we can see, (A.31) follows the same form as previously.
As a result, the equilibrium effort levels % and ¢ follow the same functional relationship as before,
and all the relevant properties proved in the baseline model (e.g., the existence and uniqueness of
the solution to (A.31)) continue to hold.

Anticipating the equilibrium &% (y), the service provider chooses y such that it maximizes her
expected payoff E7 as in (A.28). Notice that when we substitute back the equilibrium effort 27 (y),

because the market belief is rational, the provider’s expected payoff simplifies to a constant term
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minus her effort cost. Specifically, we have

Er = Pr(0=H)[Pr(R=10=H) af +Pr(R=0/0=H) - of]
+Pr(0=L)[Pr(R=10=L) - oA’ +Pr(R=0|0 = L) - off] — ci" (y)°
= Pr(@=H)Pr(R=10=H)+Pr(§=L)Pr(R=1] = L)] ol
+[Pr(0=H)Pr(R=0[§ = H)+Pr(0=L)Pr(R=0[0 = L)] aff — ci® (y)*
= Pr(@=H)Pr(R=1/0=H)+Pr(0=H)Pr(R=0|0 = H) — ci® (y)?

= Pr(#=H)—c-i(y)*. (A.32)

The third equality holds by substituting in the definition of af* and a(lf. As a result, the optimal y

is the one that minimizes &% (y), that is,

yR = argmin &
Y

B(y). (A.33)
Consequently, the equilibrium effort level of the provider herself equals 4% (y’R) .

Having deriving both &% and §® under the extended model, we can compare them with the
equilibrium effort levels when the outcome V serves as a signal, ¥ and 3", which remains the

same. We have the similar result as follows.

Proposition A.4. When the client’s effort is observable to the market when the review serves as a

signal, % < 2V and T < yV.

Proof. By (A.33), because 5 minimizes @ () over all possible y’s, we have &' (y'R) < gl (yR).
Notice that &% (yR) is simply the equilibrium z* derived under the baseline model, and it is shown
that zf* < zV. Therefore, 7 (yR) < V. Recall that ¥V = 1, and y® < 1. Therefore, we have

gt <yV. O

Next, we further extend the case when the client incorporates private information into the
review. We focus on the case of symmetric private signal with oy =~ and o =1 —1, v € [%, 1].
We now consider that the client’s effort y is observable to the market in this case.

o

Following similar reasoning, we can derive that the equilibrium effort of the provider y) is

the unique solution to M (aLcR, y) = 2ci®, where M (z,y) = A& (z,y) %, and 7 minimizes
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2% (y). In order to compare & and ¢ with 2" and y" as v varies, we first prove a useful lemma.
Lemma A.6. i (ij) 18 INCreasing in .

Proof. First notice that diffR (ZL/R (") ;7) = % P (QR; 'y) by Envelope Theorem. Because 't (ij; 'y)
R .

z
is defined by the implicit function F ( s fy) =M (.%L'R, ez 'y) — 2¢2f = 0. Therefore,

ai,R(ij_,y):_%I;:_ BQM( ayR.,Y)
0y G M (R R ) - 2¢

We have shown in the proof of Lemma A.5 that %M (z,y;7) > 0 for any = and y. Also, we know
that B%M (:%R,ij; 7) < 2c (by the condition of the crossing of M (z) and 2cx at 7). Therefore,

(f%:;UR (ij;v) > 0, and hence %.%R > 0, that is, 2 (ij) is increasing in ~. O

We then show a similar result regarding the relative magnitude of 2 and zV as v changes in

the extended model.

Proposition A.5. There exists (c,w, i) such that for a certain threshold 7 (c,w,p), % < =V if

y< A ER >V ify > 4.

Proof. Following similar reasoning as in the proof of Proposition A.4, when ~ = %, s (ij; v = %) <

f (QR;’y = %) We have already shown in the paper that % (ij;’y = l) < zV. Therefore,

gty = ) < 2V, Next, we show that when v = 1, there exists (¢, w, i) such that & (yR; v = 1) >

Consider w = i. Recall that

1

M v =1)= .

(A.34)

Notice that M(m,y;’y = 1) is increasing in y when y < ﬁ. For w = 1

LM (z,y;v=1) is in-

creasing in y for Vy € [0,1]. Consequently, Z% (y) is increasing in y for all y. As a result,
LR _ . .. . LR LR LR _ 1 v _
g™ = 0, which minimizes ' (y). Therefore, (y ) = oD > 0. Recall that z¥ =
2 _ 2 o
c(4=(tmy¥) - \/;C(HM;ﬂL V) meop?) is decreasing in p. When pu = 1, ¥ = 0 < . Therefore,

there exists a cutoff ji such that when p > i, 2V < z% (ij).

Now that we have shown there exists (¢, w, ) such that zh (ij; v = 1) > 2V and (Z?R; v = %) <
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2V always holds, given 2 (ij) is increasing in « by Lemma A.6 and 2" is independent of -, we

arrive at the said conclusion. O
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